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PAULS RECTIFIABLE AND PURELY PAULS UNRECTIFIABLE
SMOOTH HYPERSURFACES
GIOACCHINO ANTONELLI AND ENRICO LE DONNE
Abstract. This paper is related to the problem of finding a good notion of rectifiabil-
ity in sub-Riemannian geometry. In particular, we study which kind of results can be
expected for smooth hypersurfaces in Carnot groups. Our main contribution will be a
consequence of the following result: there exists a C∞ hypersurface S without charac-
teristic points that has uncountably many pairwise non-isomorphic tangent groups on
every positive-measure subset. The example is found in a Carnot group of topological
dimension 8, it has Hausdorff dimension 12 and so we use on it the Hausdorff measure
H12. As a consequence, we show that for every Carnot group of Hausdorff dimension
12, any Lipschitz map defined on a subset of it with values in S has H12-null image. In
particular, we deduce that this smooth hypersurface cannot be Lipschitz parametrizable
by countably many maps each defined on some subset of some Carnot group of Hausdorff
dimension 12. As main consequence we have that a notion of rectifiability proposed by
S.Pauls is not equivalent to one proposed by B.Franchi, R.Serapioni and F.Serra Cassano,
at least for arbitrary Carnot groups. In addition, we show that, given a subset U of a
homogeneous subgroup of Hausdorff dimension 12 of a Carnot group, every bi-Lipschitz
map f : U → S satisfies H12(f(U)) = 0. Finally, we prove that such an example does
not exist in Heisenberg groups: we prove that all C∞-hypersurfaces in Hn with n ≥ 2
are countably Hn−1×R-rectifiabile according to Pauls’ definition, even with bi-Lipschitz
maps.
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1. Introduction
State of the art: Measure-theoretic notions of rectifiability in Carnot groups has
been deeply studied in the last 20 years. At the end of the 90’s it was understood by
the work of Ambrosio and Kircheim [AK99] that the classical notion of k-rectifiability in
metric spaces was not the correct one in this setting. Recall that a set is k-rectifiable iff
it is Hk-a.e. covered by Lipschitz images of subsets of Rk. Indeed, in [AK99] (see also
more general results in [Mag04]) they showed that the first Heisenberg group H1 is purely
k-unrectifiable for k ≥ 2. Then, in [FSSC01], in the setting of each Heisenberg group
Hn, Franchi, Serapioni and Serra Cassano, proposed a definition, named C1H-hypersurface,
that was meant to adapt the notion of regular surface from the Euclidean setting. Indeed,
a C1H-hypersurface is, locally around any point, the 0-level set of a C
1
H-function with non-
vanishing intrinsic gradient. In the same paper they proposed a definition of rectifiability
for codimension-one sets in the setting of Heisenberg groups: a set inHn is codimension-one
C1H-rectifiable iff it can be covered by countably many C
1
H-hypersurfaces up to a H
2n+1-
null set. With this definition they proved that the reduced boundary of a set of finite
perimeter is codimension-one C1H-rectifiable thus showing that this could be a good notion
of rectifiability at least for Heisenberg groups. Soon after they generalized these results
to Carnot groups of step 2 in [FSSC03a].
After the mentioned works, the class of C1H-submanifolds has been intensely studied, also
in general codimensions and beyond the Heisenberg setting. For example, in [FSSC03b]
the authors provide an implicit function theorem for C1H-functions in the setting of Carnot
groups (see also [CM06]), showing also that a C1H-hypersurface is locally the boundary
of a set of finite perimeter. In [FSSC07] a systematic study of low dimensional and low
codimensional C1H-submanifolds in H
n has been performed. In that reference the authors
proposed also general definitions of k-dimensional C1H-rectifiability in H
n.
At the same time the problem of regularity of the parametrization of C1H-submanifolds
was widely studied: in [FSSC06] the authors proposed the definitions of intrinsic Lipschitz
function and intrinsic differentiable function in the setting of Heisenberg groups. In that
reference they proved that a C1H-submanifold is locally the graph of an intrinsic Lipschitz
function - see also [DMV19, Theorem A.5]. Thus, still in [FSSC06], the authors proposed,
in the setting of Heisenberg groups and for any dimension k, a definition of rectifiability a
priori more general than k-dimensional C1H-rectifiability, by using coverings with graphs of
intrinsic Lipschitz functions. Later, in [FSSC11], they generalized the notion of intrinsic
Lipschitz function and intrinsic differentiable function for arbitrary Carnot groups. They
also showed, in Hn, a Rademacher-type theorem for intrinsic Lipschitz functions defined
on codimension-one subgroups and proved the equivalence between the two codimension-
one definitions of rectifiability, i.e., the codimension-one C1H-rectifiability and the one with
covering by means of graphs of intrinsic Lipschitz functions. The Rademacher-type the-
orem and the equivalence of the two notions of codimension-one rectifiability has been
extended to a larger class of Carnot groups in [FMS14], but not yet to all Carnot groups.
A comprehensive presentation of the notion of intrinsic Lipschitz function is contained
in [FS16]. We point out that earlier studies of the notion of intrinsic differentiable function
were also contained in [ASCV06] in the setting of Heisenberg groups Hn. In the reference it
is showed that a C1H-hypersurface is locally the graph of an uniformly intrinsic differentiable
function that solves a Burger-type equation. Generalizations of this result are contained
in [AS09], in the setting of C1H-submanifolds in H
n, and in [DD18] for C1H-hypersurfaces
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in the setting of Carnot groups of step 2. Further studies of metric properties of intrinsic
Lipschitz graphs are contained also in [CMPSC14].
At the beginning of 2000 Pauls proposed a different notion of rectifiability in [Pau04,
Definition 4.1]. According to his definition, given G a Carnot group of Hausdorff dimension
Q, a subset E of another Carnot group is G-rectifiable iff it can be covered HQ-a.e. by
countably many Lipschitz images of subsets of G. The relation between the two notions
of differentiability - namely Pauls’ one and the one(s) by Franchi, Serapioni and Serra
Cassano - is far from being well understood. Notice that in [CP06, Definition 3] the
authors propose another definition of rectifiability in which they allow G of the previous
definition to be a homogeneous subgroup of a Carnot group.
The query that has been left open is wether a k-dimensional C1H-submanifold in a Carnot
group is Lipschitz (or better bi-Lipschitz) parametrizable by subsets of k-dimensional
homogeneous subgroups of a Carnot group. One positive result in this direction has been
obtained in [CP06] in which the authors proved that any C1-hypersurface in H1 is N -
rectifiable, where N is a vertical plane in H1 and the maps used for the parametrization
are even defined on open sets. Then this result was improved by Bigolin and Vittone in
[BV10] showing that for any non-characteristic point of a C1-hypersurface there exists a
neighbourhood U of it and bi-Lipschitz chart between an open subset of N and U . In
[BV10] the authors also provided a partial negative answer to the query: they showed the
existence of a C1H-hypersurface in H
1 and a point on it such that there is no bi-Lipschitz
map from an open subset of N and any neighbourhood of the point.
As far as we know, apart from these results, there are not general positive answers in
the direction of parametrizing an arbitrary C1H-hypersurface in a Carnot group - either
with Lipschitz or bi-Lipschitz maps defined on measurable subsets of Carnot groups of the
same dimension. Anyway recently, in a slightly different direction, Le Donne and Young
in [LDY19] proved that a sub-Riemannian manifold with constant Gromov-Hausdorff tan-
gent G, is countably G-rectifiable, where G is a Carnot group. This result gives a possible
way to show that smooth hypersurfaces in Carnot groups - sufficiently smooth in order to
carry a sub-Riemannian structure - are G-rectifiable for some G, which is exactly what
we do in the second part of this paper with smooth non-characteristic hypersurfaces in
Hn with n ≥ 2. We add that, using some ideas coming from the theory of quantitative
differentiability, very recently Orponen [Orp19] showed that any C1,αH -hypersurface with
α > 0 in H1 is Lipschitz parametrizable with subsets of a vertical plane N .
Results: In this paper we focus on the link between the two notions of differentiability
explained above. The paper is essentially divided into two parts: in the first one we
provide a negative result and in the second one we provide a positive result.
In the first part we show the following (see Corollary 5.9):
Theorem 1.1. There exist a Carnot group G and a C∞ non-characteristic hypersurface
S ⊆ G that is not Pauls Carnot rectifiable.
Pauls Carnot rectifiability is just a generalization of Pauls’ rectifiability defined in
[Pau04, Definition 4.1] in which we allow countably many Carnot groups, see Definition 3.7.
Our result shows that even very regular objects, such as smooth non-characteristic hyper-
surfaces, which for sure are rectifiable according to Franchi, Serapioni and Serra Cassano,
are not so according to the definition given in [Pau04, Definition 4.1].
After, we show that such an example does not exist in the setting of Hn with n ≥ 2 (see
Theorem 6.15 and Remark 6.16 for a more exhaustive statement):
Theorem 1.2. Let S be a C∞-hypersurface in Hn with n ≥ 2. Then S is Hn−1 × R-
rectifiable according to Pauls’ definition of rectifiability [CP06, Definition 3], even with
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bi-Lipschitz maps.
Comments and ideas of the proofs: To prove Theorem 1.1, whose proof is in
Section 5, we will show the existence of a C∞-hypersurface S - of Hausdorff dimension
12 in a Carnot group of topological dimension 8 - that cannot be H12-a.e. covered by
countably many Lipschitz images of subsets of Carnot groups of Hausdorff dimension 12.
Notice that we also allow the Carnot groups to vary, thus using a more general definition
of rectifiability with respect to the one given in [Pau04, Definition 4.1].
We will actually show a more general property for S: for every Carnot group G of
Hausdorff dimension 12, every Lipschitz map f : U ⊆ G→ S satisfies H12(f(U)) = 0 (see
Theorem 5.7). We will call this property purely Pauls Carnot unrectifiability (Definition 3.7),
which implies that S is not Pauls Carnot rectifiability, see Remark 3.10. The key property
that S enjoys is that every H12-positive subset of it has uncountably many points with
pairwise non-isomorphic Carnot groups as tangents, see the statement and the proof of
Theorem 5.4, and Theorem 5.12.
The idea to build such a hypersurface is the following: at first, in Proposition 4.5, we
show the existence of a Carnot algebra of dimension 8 that has uncountably many pair-
wise non-isomorphic Carnot subalgebras of dimension 7. This is done by exploiting the
existence of an uncountable family F of Carnot algebras of dimension 7 that are known to
be pairwise non-isomorphic, see [Gong98]. Notice that 7 is the minimum number for which
this fact holds: there are, up to isomorphisms, only finitely many Carnot algebras of dimen-
sion ≤ 6, see again [Gong98]. Then we construct examples of smooth non-characteristic
hypersurfaces S in the Carnot group whose Lie algebra is the previous Carnot algebra of
dimension 8, with the property that the tangent spaces to each S form an uncountable
subfamily of F . With a particular choice of S as in Remark 5.3 we show that every H12-
positive subset of S has uncountably many points with pairwise non-isomorphic Carnot
groups as tangents, as we planned.
Having in our hands the pathological example S, we prove our main result, see Theorem 5.7.
We do it via a blow up analysis and using the area formula for Lipschitz maps between
Carnot groups proved by Magnani in [Mag01].
We point out that we also construct, in every Carnot groupG, a smooth non-characteristic
hypersurface that has every subgroup of codimension-one of G as tangent, see Lemma 2.27
and Theorem 5.4.
We also prove some strenghtening of Theorem 1.1. Namely, we show in Corollary 5.5
that our example S is not, as we say, bi-Lipschitz homogeneous rectifiable (Definition 3.4).
That is to say, it is impossible to H12-a.e. cover S by countably many bi-Lipschitz images
of subsets of metric spaces of Hausdorff dimension 12 that have bi-Lipschitz equivalent
tangents, a class larger than Carnot groups, which includes their subgroups. Actually,
again, we prove more: we show that S is purely bi-Lipschitz homogeneous unrectifiable
according to our definition Definition 3.4, after having provided a general criterion of
purely bi-Lipschitz homogeneous unrectifiability (Lemma 3.6).
Notice that, from this last result, it follows that S is not rectifiable according to the
countable bi-Lipschitz variant of the definition given in [CP06, Definition 3], that is, the
one that allows the parametrizing spaces to be homogeneous subgroups of Carnot groups,
see also Remark 3.5. Nevertheless, we still are not able to prove that our counterexample
is not rectifiable according to [CP06, Definition 3], see Remark 5.6.
We remark here that, from how we are going construct the example S, it follows that
any tangent to S is a Carnot group. Consequently, together with the previous discussed
results, we immediately deduce that S is also an example of metric space that cannot be
Lipschitz parametrized by countably many of its tangents, see Remark 5.11.
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In Remark 5.14 we observe that S has a structure of sub-Riemannian manifold and if
we consider on it the sub-Riemannian distance it is still purely bi-Lipschitz homogeneous
unrectifiable (Definition 3.4).
To prove Theorem 1.2, we will use [TY04, Theorem 1.1.], [CMPSC14, Proposition 3.8.]
and [LDY19, Theorem 1]. The proof is contained in Section 6.
The idea is the following: first we show that every non-characteristic hypersurface S in
Hn with n ≥ 2 carries a structure of polarized manifold (Proposition 6.14). We show that
the intersection of the horizontal bundle of Hn with the tangent bundle of S is a step-2
bracket generating distribution (Proposition 6.11). This was already known from [TY04,
Theorem 1.1.], but we give a different proof based on simple explicit computations.
Second we show that every sub-Riemannian structure on the polarized manifolds S
gives raise to a distance that is locally bi-Lipschitz equivalent to the distance on S seen as
subset of Hn (Proposition 6.12). We will call these latter distances the intrinsic distance
and the induced distance, respectively. The equivalence is due to the general fact that in
Hn with n ≥ 2, the intrinsic distance and the induced distance on the graph of an intrinsic
Lipschitz function are equivalent (Proposition 6.10). We write the proof of this result,
which was suggested to us by ässler and Orponen, and which is actually a consequence of
the result already known from [CMPSC14, Proposition 3.8.]. Third we use the fundamen-
tal tool [LDY19, Theorem 1] and the key fact that the tangents to the hypersurface are
all isomorphic to Hn−1 × R (Lemma 6.13). With these three steps we conclude the proof
of Theorem 1.2.
Structure of the paper: The structure of the paper is the following: in Section 2
we collect general definitions and tools that are useful for our aims. We recollect general
definitions about Carnot groups and metric measure spaces; we recall the area formula for
Lipschitz maps between Carnot groups; we revise some basic definitions and statements
about C1H-hypersurfaces, showing in particular that a C
1
H-hypersurface has Hausdorff di-
mension (Q − 1) - being Q the Hausdorff dimension of the group in which it lives - and
HQ−1 is a locally doubling measure on it (Proposition 2.19). We also stress that the tan-
gent group to a C1H-hypersurface is the Hausdorff tangent, which is a fact due to [Koz15,
Theorem 3.1.1] (see Proposition 2.20).
In Section 3 we give different notions of rectifiability, such as bi-Lipschitz homogeneous
rectifiability (Definition 3.4) and Pauls Carnot rectifiability (Definition 3.7), the latter one
being a variant of Pauls’ rectifiability [Pau04, Definition 4.1]. Namely, a metric space of
Hausdorff dimension k is Pauls Carnot rectifiable if it is Hk-a.e. covered by countably
many Lipschitz images of subsets of Carnot groups of Hausdorff dimension k; a metric
space of Hausdorff dimension k is bi-Lipschitz homogeneous rectifiable if it is Hk-a.e. cov-
ered by countably many bi-Lipschitz images of subsets of metric spaces of Hausdorff di-
mension k that have bi-Lipschitz equivalent tangents. We also give the notions of purely
bi-Lipschitz homogeneous unrectifiability (Definition 3.4) and purely Pauls Carnot unrec-
tifiability (Definition 3.7), which are stronger version (see Remark 3.3 and Remark 3.10)
of not being bi-Lipschitz homogeneous rectifiability and not being Pauls Carnot rectifia-
bility, respectively. In Lemma 3.6 we provide a criterion for a metric space to be purely
bi-Lipschitz homogeneous unrectifiable. In Remark 3.5 we discuss some definitions of rec-
tifiability that are less general than Definition 3.4, while in Remark 3.9 we briefly discuss
some Lipschitz counterpart of Definition 3.4.
In Section 4 we construct a Carnot algebra of dimension 8 that has uncountably many
pairwise non-isomorphic Carnot subalgebras of dimension 7. The construction is done in
Proposition 4.5.
In Section 5 and Section 6 we show the main theorems we discussed above. Namely,
first we show the main result Theorem 1.1, see Corollary 5.9, and the streghted version
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we discussed above, see Corollary 5.5. Second we show Theorem 1.2, see Theorem 6.15.
Acknowledgments: We would like to thank Katrin Fässler and Tuomas Orponen for
useful discussions around the topic of the paper.
2. Preliminaries
2.1. Some standard definitions. For definitions and theory about Carnot groups one
can see [LD17], [BLU07] and [FSSC03a, Section 2]. We recall here some basic facts and
terminology.
A Carnot group is a simply connected nilpotent Lie group whose Lie algebra is stratified
and generated by the first stratum. If G is a Carnot group and g is its Lie algebra we thus
have
g = V1 ⊕ . . . ⊕ Vs,
with Vi+1 = [V1, Vi] for every 1 ≤ i ≤ s − 1, Vs 6= {0} and [V1, Vs] = {0}. The number s
is called step of the group G. The dimension of the first stratum V1 is denoted by m and
the dimension of g by n.
For a Carnot group the exponential map exp : g → G is a diffeomorphism. Thus
by means of this map, after a choice of a basis of g, we can identify G with Rn with
an operation · that can be explicitly written by making use of the Campbell-Hausdorff
formula. We will use exponential coordinates
(x1, . . . , xn) 7→ exp(x1X1 + · · ·+ xnXn),
where {X1, . . . ,Xn} is a basis of g adapted to the stratification. Then {X1, . . . ,Xm} is a
basis of V1. With a little abuse of notation we will indicate with Xi ∈ g both a tangent
vector at the identity element of G and the left-invariant vector field on G that agrees
with it at the identity. We call {X1, . . . ,Xm} a basis of the horizontal space V1.
On the Lie algebra g we have a family of linear maps δλ that act as
δλ(vi) = λ
ivi, if vi ∈ Vi.
With an abuse of notations, we denote by δλ the group endomorphism onG with differential
δλ. Namely, by means of the exponential map we have δλ := exp ◦δλ ◦ exp
−1 on G as well.
We call a homomorphism ϕ : G→ H between two Carnot groups a Carnot homomorphism
if
ϕ ◦ δλ = δλ ◦ ϕ, ∀λ > 0.
Remark 2.1. Every Carnot homomorphism induces a linear map ϕ∗ : g→ h, which is a Lie
algebra homomorphism, such that ϕ∗ ◦ δλ = δλ ◦ ϕ∗. From this property it easily follows
that for every 1 ≤ i ≤ s we get ϕ∗(Vi) ⊆ V
h
i , where Vi and V
h
i are the i-th strata of g and
h, respectively.
A left-invariant homogeneous distance d : G × G → R≥0 - sometimes we call it dG - is
a distance on G satisfying
d(hg1, hg2) = d(g1, g2), d(δλg1, δλg2) = λd(g1, g2), ∀h, g1, g2 ∈ G. (2.1)
It follows from [LD17, Proposition 3.5] that such a distance is continuous with respect to
the manifold topology on G.
There is a distinguished class of such distances, known as Carnot-Carathéodory distances.
If we fix a norm ‖ · ‖ on the first stratum V1 of the Lie algebra g of G, we can extend it
left-invariantly on the horizontal bundle
V1(x) := (Lx)∗V1,
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for x ∈ G, where Lx is the left translation by x. We say that an absolutely continuous
curve γ : [0, 1] → G is horizontal if
γ′(t) ∈ V1(γ(t)), for a.e. t ∈ [0, 1].
We define
d‖·‖cc (x, y) := inf
{∫
I
‖γ′(t)‖ : γ(0) = x, γ(1) = y, γ horizontal
}
.
Chow-Rashevsky theorem states that this distance is finite. It is clearly homogeneous and
left-invariant.
It is clear that any two homogeneous left-invariant distances d1 and d2 are equivalent:
we write d1 ∼ d2 and we mean that there exists C ≥ 1 such that
1
C d1 ≤ d2 ≤ Cd1. Then,
from now on, we don’t specify what homogeneous left-invariant distance we are choosing
as we prove results that are true up to bi-Lipschitz maps.
We remind that the Hausdorff dimension of a Carnot group G with respect to any
left-invariant homogeneous distance is
Q :=
s∑
i=1
idim Vi,
which we also call homogeneous dimension.
We recall now some definitions about metric spaces and metric measure spaces. Given a
metric space (X, d), we indicate the open ball in the metric d centered at x of radius r with
Bd(x, r). When the distance is clear we just write B(x, r). The closed ball is indicated
with B
d
(x, r). We say that (X, d) is proper if each closed ball B
d
(x, r) is compact. We say
that (X, dX) is bi-Lipschitz equivalent to (Y, dY ) if there exist a bijective map f : X → Y
such that
1
C
dX(x1, x2) ≤ dY (f(x1), f(x2)) ≤ CdX(x1, x2).
We say that (X, d, µ) is a metric measure space if (X, d) is a complete and separable
metric space and µ is a Borel measure that is finite on bounded sets. A metric measure
space (X, d, µ) is said to be locally doubling if for each a ∈ X there exists Ra > 0 and
Ca > 0 such that
µ(Bd(x, 2r)) ≤ Caµ(B
d(x, r)) < +∞ ∀x ∈ Bd(a,Ra) ∀0 ≤ r ≤ Ra.
For a proper locally doubling metric measure space as a consequence of Gromov compact-
ness theorem we can say that for every x ∈ X, the set of Gromov-Hausdorff tangents
Tan(X, d, x) is nonempty. Indeed, we can say that for every sequence of positive numbers
λi → 0, up to subsequences
(X,λ−1i d, x)→ (X∞, d∞, x∞)
in the pointed Gromov-Hausdorff convergence. For general definitions and theory about
(pointed) Gromov-Hausdorff convergence one can see [Vil09, Chapter 27] and [BBI01].
We indicate with Hk the Hausdorff measure of dimension k associated to d and with Sk
the spherical Hausdorff measure of dimension k associated to d. We denote with dimH X
the Hausdorff dimension of the metric space X. For these general definitions see [Fed69,
2.10.2]. We indicate with dH the Hausdorff distance between sets, see [Fed69, 2.10.21].
2.2. Area formula for Lipschitz function between Carnot groups. We shall recall
the area formula for Lipschitz maps in Carnot groups which is due to Magnani. First we
recall Rademacher theorem in this setting [Mag01, Theorem 3.9].
Theorem 2.2. [Magnani] Let G and H be two Carnot groups. Let us call Q the homoge-
neous dimension of G. Then any Lipschitz map f : A ⊆ (G, dG) → (H, dH), where A is
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a measurable set, is differentiable HQ- a.e., i.e., there exist, at HQ a.e. point x of A, a
Carnot homomorphism Dfx : G→ H such that
lim
y∈A,y→x
dH(f(x)
−1f(y),Dfx(x
−1y))
dG(x, y)
= 0. (2.2)
Remark 2.3. For our aims we discuss here how Dfx is defined. First of all, one takes
{X1, . . . ,Xm} a set of generators of the first stratum V1 of the Lie algebra g of G. In
[Mag01, Step 1 and Step 2] it is shown that if we take z in the set
E :=
{ γ∏
s=1
exp(asXis) : γ ∈ N, 1 ≤ is ≤ m, (as) ∈ Q
γ
}
the limit
lim
xδtz∈A,t→0
δ1/t
(
f(x)−1f(xδtz)
)
does exist in a subset of A of HQ-full measure [Mag01, (3), Step 1, Proof of Theorem 3.9].
Now we get, being E countable, that there exists a set of HQ-full measure in A, say Aω,
such that for every z ∈ E one has that the limit
Dfx(z) := lim
xδtz∈A,t→0
δ1/t
(
f(x)−1f(xδtz)
)
does exist for every x ∈ Aω. Then it can be shown [Mag01, Step 2] that on Aω, the map
Dfx can be extended to all z ∈ G, exploiting the fact that E is dense and just defining
Dfx(z) = lim
i→+∞
Dfx(zi),
where zi ∈ E and zi → z. In [Mag01, Step 2] it is shown that Dfx is a Carnot homomor-
phism and in [Mag01, Step 3] it is shown that this differential satisfies (2.2).
Definition 2.4 (Jacobian of a Lipschitz map). Given any Lipschitz f : A ⊆ (G, dG) →
(H, dH) we can define the Jacobian
JQ(Dfx) :=
HQ(Dfx(B(0, 1)))
HQ(B(0, 1))
,
at any differentiability point x of f .
The following result is proved in [Mag01, Theorem 4.4].
Theorem 2.5. [Magnani] Given any Lipschitz map f : A ⊆ (G, dG) → (H, dH), where A
is a measurable set, we have∫
A
JQ(Dfx) dH
Q(x) =
∫
H
♯(f−1(y) ∩A) dHQ(y).
2.3. Parametrizations of a C1H-hypersurface and its Hausdorff dimension. We
give here some definitions about hypersurfaces in Carnot groups. One of our reference is
the summary given in [DD18, Section 2] and references therein, such as [FSSC01, FMS14,
FS16].
Definition 2.6 (C1H-hypersurfaces). In a Carnot group G, with {X1, . . . ,Xm} as basis
of horizontal space, a subset S is a C1H-hypersurface if for all p ∈ S there exists a neigh-
bourhood U of p and a function f : U → R with X1f, . . . ,Xmf continuous in U , such
that
S ∩ U = {f = 0} ∩ U, (2.3)
and (X1f, . . . ,Xmf) does not vanish on U .
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Definition 2.7 (Characteristic points). Let G be a Carnot group. Given S a C1-surface
in G ≡ Rn, we say that x ∈ S is a characteristic point for S if
V1(x) ⊆ TxS, (2.4)
where V1(x) is the horizontal bundle at x and TxS is the "Euclidean tangent" of S, i.e.,
the tangent space of S seen as submanifold of G. We shall use the term "Euclidean" in
contrast of the intrinsic sub-Riemannian one.
We will say that a C1-surface S is non-characteristic if it does not have characteristic
points as in (2.4).
Remark 2.8. We identify G with Rn by means of exponential coordinates and we call m
the dimension of the first layer. If we take f ∈ C1(G) we will denote with ∇f |x the
full gradient of f at x, i.e., the vector
∑n
i=1(∂xif)(x)∂xi |x, and with ∇Hf |x the horizontal
gradient of f at x, i.e., the vector
∑m
i=1(Xif)(x)Xi|x.
If S is a C1-hypersurface in G, for every point p ∈ S there exist an open neighbourhood
Up of it and f ∈ C
1(G) such that
S ∩ Up = {x ∈ Up : f(x) = 0}, (2.5)
with ∇f 6= 0 on S∩Up. The Euclidean tangent space of S at an arbitrary point x ∈ S∩Up
is
TxS := {v : 〈v,∇f |x〉x = 0}, (2.6)
where 〈·, ·〉x is the usual inner product, i.e., 〈∂xi |x, ∂xj |x〉x = δij , and v =
∑n
i=1 vi∂xi |x.
Then x ∈ Up is a characteristic point (2.4) if and only if (see (2.6)) it holds that Xif(x) = 0
for all i = 1, . . . ,m.
Thus a C1-hypersurface S in G with non-characteristic points is C1H, because we have
the representation in (2.5) with (X1f, . . . ,Xmf) 6= 0 on Up.
For C1H-hypersurfaces we have a notion of tangent group [FSSC03a, page 14]. In the
following definition we are identifying the group G with Rn by means of the exponential
coordinates and we denote by {X1, . . . ,Xm} a basis of the horizontal space.
Definition 2.9 (Tangent group to a C1H-hypersurface). Given S a C
1
H-hypersurface, a
point p ∈ S and a representative f around p as in (2.3), we can define the tangent group,
or the intrinsic tangent of S at p as
T IpS :=
{
v ∈ G ≡ Rn :
m∑
i=1
viXif(p) = 0
}
.
Remark 2.10. The tangent group defined in Definition 2.9 is a subgroup of G and does
not depend on the representative f given in Definition 2.6 [FSSC03a, page 14]. Indeed,
we have, see Section 2.4, that
T IpS = lim
λ→0
δλ−1(p
−1S).
We deal now with the problem of parametrization of a C1H-hypersurface. We first intro-
duce the notion of intrinsic Lipschitz function. See [FMS14, Section 2].
Definition 2.11. If G is a Carnot group and W and H are homogeneous subgroups such
that W ∩H = {0} and
G = W ·H,
we say that W and H are complementary subgroups in G. We write p = pW · pH, denoting
with pW and pH the projections on the two subgroups.
IfW and H are complementary subgroups in a Carnot groupG, then the cone CW,H(q, α)
of base W and axis H, centered at q and of opening 0 ≤ α ≤ 1 is defined as
CW,H(q, α) := q · {p ∈ G : d(pW, e) ≤ αd(pH, e)},
and e is the identity element of the group G.
10 G. ANTONELLI AND E. LE DONNE
Given f : Ω ⊆W→ H, we define the graph of f as
graph(f) := {w · f(w) : w ∈ Ω} ⊆ G.
Definition 2.12. Let us assume W and H are complementary subgroups in a Carnot
group G. Given f : Ω ⊂W→ H, with Ω open, we say that f is L-intrinsic Lipschitz in Ω,
with L > 0, if
CW,H
(
p,
1
L
)
∩ graph(f) = {p}, for all p ∈ graph(f),
where CW,H
(
p, 1L
)
is defined in Definition 2.11.
Remark 2.13. It is not always true that an intrinsic Lipschitz function is Lipschitz in
exponential coordinates. Nevertheless an arbitrary intrinsic Lipschitz function is locally
Hölder continuous, see [FMS14, Proposition 2.3.6].
Now we show that the Hausdorff dimension of C1H-hypersurface in a Carnot group of
Hausdorff dimension Q is Q− 1. We state the following implicit function theorem, which
is rather classical in the field. In the reference that we give, there is also a general version
for intersection of C1H-hypersurfaces.
Proposition 2.14. [DMV19, Theorem A.5] If G is a Carnot group and S is a C1H-
hypersurface, let us call W := T IpS, for p ∈ S, as defined in Definition 2.9 and let H
be a homogeneous horizontal subgroup that is a complementary subgroup to W.
Then there exists an open neihgbourhood U of p and an intrisic Lipschitz function
ϕ : W→ H such that
graph(ϕ) ∩ U = S ∩ U.
Remark 2.15. By Definition 2.9 it is always true that T IpS has a homogeneous horizontal
complementH. Indeed, in exponential coordinates, it suffices to take H := {(tX1f(p), . . . , tXmf(p), 0, . . . , 0)}t∈R.
The following proposition clarifies what is the Hausdorff dimension of the graph of an
intrinsic Lipschitz function.
Proposition 2.16. [FMS14, Proposition 2.3.7] Let G be a Carnot group and let W and
H be two complementary subgroups in G. Let us denote kW the Hausdorff dimension of W
and let ϕ : W → H be an intrinsic L-Lipschitz function. Then there exist c0 = c0(G) > 0
and c1 = c1(W,H) > 0 constants such that(
c0
1 + L
)kW
RkW ≤ SkW (graph(f) ∩B(p,R)) ≤ c1(1 + L)
kWRkW ,
for all p ∈ graph(f), R > 0.
Remark 2.17. From Proposition 2.16 we can deduce that the spherical Hausdorff measure
SkW, restricted to graph(f), is kW-Alfhors-regular and therefore doubling. We also infer
that the Hausdorff dimension of graph(f) is kW.
The next basic result can be seen as a consequence of [LDNG19, Theorem 4.4, (iii)],
where the authors proved a more general result holding for every self-similar metric Lie
group.
Lemma 2.18. In every Carnot group a vertical subgroup of codimension 1 has Hausdorff
codimension 1.
Now we are in position to state and prove the following
Proposition 2.19. Let G be a Carnot group of Hausdorff dimension Q. Let S be a C1H-
hypersurface of G. Then the Hausdorff dimension of S is Q− 1 and HQ−1 restricted to S
is a locally doubling measure on S.
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Proof. In order to prove the theorem we have to take into account Proposition 2.14 ac-
cording to which, locally around any p ∈ S, we can write S as the graph of an intrinsic
Lipschitz function. After that by using Proposition 2.16 together with Lemma 2.18, we get
that the Hausdorff measure HQ−1 with respect to d is locally finite and positive on S and
also it is locally (Q−1)-Alfhors-regular. From this the conclusion follows immediately. 
2.4. The tangent group of a C1H-hypersurface as the Hausdorff tangent. In this
subsection we remind that the tangent group T IpS at p ∈ S of an arbitrary C
1
H-hypersurface
(see Definition 2.9) is the Hausdorff tangent at p to S. This follows from [Koz15, Theorem
3.1.1] and the identification between the kernel of the differential of a C1H-function f with
the tangent of the surface defined by f , see [FSSC03a, Proposition 2.11].
The result that we state here is simplified for our aims. For the general statement we
refer to [Koz15, Theorem 3.1.1].
Proposition 2.20. [Kozhevnikov] Let S be a C1H-hypersurface in a Carnot group G. Let
us consider p ∈ S and a function f whose 0-level set coincide locally with S, as in (2.3).
Then we have that there exists β : (0,+∞) → (0,+∞), with β(t) → 0+ if t → 0+, such
that for all r > 0
dH
(
B(p, r) ∩ S,B(p, r) ∩ (p · T IpS)
)
≤ β(r)r,
where T IpS is defined in Definition 2.9.
Remark 2.21. From the result in Proposition 2.20 we eventually get also that if we consider
the metric space (S, d), the Gromov-Hausdorff tangent at any point p ∈ S is (isometric
to) (T IpS, d).
We give here part of the statement of [Koz15, Theorem 3.3.1], because it is useful for
our aims. For the complete theorem one can see the reference.
Definition 2.22. [Tan+G(S, a)] Given a subset S of a Carnot group G and a ∈ S, we say
that v ∈ G is an element of Tan+G(S, a) if there exist a positive sequence {tm} with tm → 0
and a sequence {am} of elements of S such that
lim
m→+∞
d(am, a) = 0, lim
m→+∞
δ1/tm(a
−1am) = v.
Lemma 2.23. [Kozhevnikov] Let S be a closed set of a Carnot group G, and let a ∈ S.
If there exists a closed homogeneous set W such that
r−1dH(B(a, r) ∩ S,B(a, r) ∩ (a ·W ))→ 0, when r → 0,
then
Tan+G(S, a) ⊆W.
2.5. Vertical surfaces. Now we give the definition of vertical surface. Loosely speaking,
a vertical surface in a Carnot group G is a C1-surface that depends only on the horizontal
coordinates.
Definition 2.24. Let G be a Carnot group identified with Rn by means of exponential
coordinates. Let m be the dimension of the first stratum of the Lie algebra. A vertical
surface V is
V := {x ∈ G ≡ Rn : f(x1, . . . , xm) = 0},
where f : Ω ⊆ Rm → R, with Ω open, is a C1 function with ∇f 6= 0 on {ω ∈ Ω :
f(ω1, . . . , ωm) = 0}.
Morevoer, if f is linear we say that V is a vertical subgroup of codimension 1.
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Remark 2.25. An arbitrary vertical surface as in Definition 2.24 is a C1-hypersurface with
no characteristic points, i.e., points that satisfy (2.4). This is due to the fact that, if
1 ≤ i ≤ m, in exponential coordinates we have
Xi = ∂xi + ri(x),
where ri(x) is a polynomial combination of ∂xi+1, . . . , ∂xn , see [FSSC03a, Proposition 2.2],
and then, for all x ∈ ω,
Xif(x) = ∂xif(x),
as f depends only on the first m variables. Thus, from Remark 2.8, a vertical surface is
also a C1H-hypersurface.
Remark 2.26. Every tangent group, as defined in Definition 2.9, is a vertical subgroup of
codimension 1.
Lemma 2.27. Given a Carnot group G, there exists a vertical surface V such that for
every vertical subgroup W of codimension 1 in G there exists p ∈ V such that T IpV =W .
Proof. Let us consider
V :=
{
x ∈ G ≡ Rn :
m∑
i=1
x2i = 1
}
.
At an arbitrary point p = (x1, . . . , xm, xm+1 . . . , xn),we have that, by Definition 2.9 and
Remark 2.25,
T IpV =
{
v ∈ G ≡ Rn :
m∑
i=1
vixi = 0
}
and then, as any linear function f : Rm → R can be written as f(v) =
∑m
i=1 vixi for a
vector (x1, . . . , xm) of norm 1, we get the desired conclusion. 
3. Notions of rectifiability
In this section we introduce several kinds of notions of rectifiability. First we say, in
Definition 3.1, what it means for a metric space (X, d), to be (F , µ)-rectifiable, where F
is a family of metric spaces and µ is an outer measure on X. Namely (X, d) is (F , µ)-
rectifiable iff it is µ-a.e. covered by bi-Lipschitz images of subsets of metric spaces in
F .
Then we specialize this notion in Definition 3.4 by taking the class of metric spaces that
are proper, locally doubling and with bi-Lipschitz equivalent tangents. In Remark 3.5 we
discuss further specializations of this notion.
Then we give the notion of Pauls Carnot rectifiability in Definition 3.7, generalizing the
definition given in [Pau04, Definition 4.1]. In Remark 3.9 we briefly discuss the Lipschitz
variant of (F , µ)-rectifiability for specific families F .
Definition 3.1 ((F , µ)-rectifiability). Given a family F of metric spaces we say that
a metric space (X, d), with an outer measure µ on it, is (F , µ)-rectifiable if there exist
countably many bi-Lipischitz embeddings fi : Ui ⊆ (Xi, di) → (X, d) where (Xi, di) ∈ F ,
i ∈ N, and
µ

X \ ⋃
i∈N
fi(Ui)

 = 0.
We say that a metric space (X, d) is purely (F , µ)-unrectifiable if for every (X ′, d′) ∈ F
and every bi-Lipschitz embedding f : U ⊆ (X ′, d′)→ (X, d) it holds
µ(f(U)) = 0.
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Remark 3.2. We notice that if (X, d) is complete we can equivalently ask each set Ui to
be closed in Definition 3.1. Indeed, in this case every bi-Lipschitz map fi : Ui → (X, d)
extends to a bi-Lipschitz map fi : Ui → (X, d).
Remark 3.3. Having a look at Definition 3.1, assuming we have µ(X) > 0, which will
be always in our case, we see that one necessary condition for the (F , µ)-rectifiability of
(X, d) is the existence of at least one bi-Lipschitz map f : U ⊆ (X ′, d′) → (X, d), where
(X ′, d′) ∈ F and µ(f(U)) > 0. So if a metric space (X, d), with an outer measure µ on it
such that µ(X) > 0, is (F , µ)-purely unrectifiable then it cannot be (F , µ)-rectifiable.
Specializing the family F and µ in Definition 3.1, we can give the following definitions.
Definition 3.4 (bi-Lipschitz homogeneous rectifiability). Let (X, d) be a metric space of
Hausdorff dimension k. Set Tk := {(Xi, di)}i∈I to be the family of all the metric spaces
(Xi, di) such that:
• (Xi, di,H
k) is a proper locally doubling metric measure space, with k = dimH Xi;
• any two tangent spaces, at any two points of Xi, are bi-Lipschitz equivalent.
We say that (X, d) is bi-Lipschitz homogeneous rectifiable if it is (Tk,H
k)-rectifiable accord-
ing to Definition 3.1. We say that (X, d) is purely bi-Lipschitz homogeneous unrectifiable
if it is purely (Tk,H
k)-unrectifiable according to Definition 3.1.
Remark 3.5. The family Tk defined in Definition 3.4 is very rich. For example it contains
all homogeneous Lie groups G equipped with left-invariant homogeneous distances, with
Hausdorff dimension k. Indeed, every tangent space at any point of such a group G
is isometric to G and (G, dG,H
k) is proper because it is locally compact and admits
dilations, and it is locally doubling because it is Ahlfors-regular [LDNG19, Theorem 4.4,
(iii)]. We remark here that the larger class of self-similar metric Lie groups of Hausdorff
dimension k, whose definition is in [LDNG19], is still a subclass of Tk. Going beyond
Lie groups, we remark that in Tk one has all those Carnot-Carathéodory spaces whose
nilpotentization is constantly equal to a stratified group of homogeneous dimension k.
This last statement is a consequence of Mitchell’s theorem (see [Mit85] and [Bel96]) and
the bi-Lipschitz equivalence of left-invariant homogeneous distances.
In the very rich class of homogeneous Lie groups we distinguish homogeneous subgroups
of Hausdorff dimension k of arbitrary Carnot groups, with the restricted distance, and
obviously also Carnot groups of Hausdorff dimension k. We can then give different notions
of rectifiability for each of these subfamilies of Tk.
Notice that if we take the subfamily of Tk made of arbitrary homogeneous subgroups, of
dimension k, of Carnot groups, we obtain a variation of [CP06, Definition 3] where we now
allow countably many homogeneous subgroups but we require bi-Lipschitz maps. Similarly,
if we only consider Carnot groups, we obtain a similar variation of [Pau04, Definition 4.1].
We give next a criterion for purely bi-Lipschitz homogeneous unrectifiability.
Lemma 3.6. Let (X, d,Hk) be a proper locally doubling metric measure space, with
k = dimH X. If every H
k-positive measure subset of X contains two points that have
two tangent spaces that are not bi-Lipschitz equivalent, then (X, d) is purely bi-Lipschitz
homogeneous unrectifiable (according to Definition 3.4).
Proof. We prove that there is no bi-Lipschitz map f : U ⊆ (X ′, d′) → (X, d), where
Hk(f(U)) > 0 and (X ′, d′) ∈ Tk. We restrict ourselves to consider U closed, see Remark 3.2.
If there exists such a map, first of all notice that Hk(U) > 0 because f is bi-Lipschitz.
Now we can restrict ourselves to the points of density of U with respect to Hk, say W ,
and W is a set of full Hk-measure in U [Rig18, Corollary 2.13, Theorem 3.1 and Remark
3.3]. Then, by the fact that f is bi-Lipschitz, the set f(W ) has full Hk-measure in f(U).
The set Z of points in f(W ) of density of f(U) with respect to Hk, is still a set of full
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Hk-measure in f(U) because it is the intersection of two sets of full Hk-measure in f(U).
Then it holds Hk(Z) > 0 since Hk(f(U)) > 0.
By hypothesis there exist two points x, y ∈ W and p = f(x), q = f(y) ∈ Z with two
non-bi-Lipschitz tangent spaces Tp and Tq. Because of the fact that we are dealing with
1-density points, we can say that Tan (U, x, d′) = Tan (X ′, x, d′) and Tan(f(U), p, d) =
Tan(X, p, d) and the same holds with y and q, see [LD11, Proposition 3.1]. Passing to the
tangents in p and x we get, as in [LDY19, Section 5.2], some induced bi-Lipschitz map
between Tp and one element of Tan (X
′, x, d′). In the same way we get a bi-Lipschitz map
between Tq and one element of Tan (X
′, y, d′). By hypothesis each element of Tan (X ′, x, d′)
is bi-Lipschitz to each element of Tan (X ′, y, d′), so that at the end Tp is bi-Lipschitz to
Tq, which is a contradiction. 
Let us point out that in Definition 3.1 we require the parametrizing maps to be bi-
Lipschitz while for the classical definitions of rectifiability one may just ask for the map
to be Lipschitz. We next give the Lipschitz counterpart of Definition 3.1 for the family of
Carnot groups.
Definition 3.7 (Pauls Carnot rectifiability). Let (X, d) be a metric space of Hausdorff
dimension k. We say that (X, d) is Pauls Carnot rectifiable if there exist countably many
Carnot groups Gi of Hausdorff dimension k and Lipschitz maps fi : Ui ⊆ (Gi, di)→ (X, d)
such that
Hk

X \ ⋃
i∈N
fi(Ui)

 = 0.
We say that (X, d) is purely Pauls Carnot unrectifiable if for every Carnot group G of
Hausdorff dimension k, every Lipschitz map f : U ⊆ (G, dG)→ (X, d) satisfies
Hk(f(U)) = 0.
Remark 3.8. The definition given in Definition 3.7 is a generalization of [Pau04, Definition
4.1.] where it was considered only one Carnot group for the parametrization of X. The
definition of purely G-unrectifiability, with a Carnot group G, was already given in [Mag04,
Definition 3.1]. That is, given a Carnot group G of Hausdorff dimension k, we say that
a metric space (X, d) is purely G-unrectifiable if every Lipschitz map f : U ⊆ G → X
satisfies Hk(f(U)) = 0.
Remark 3.9. In this paper we will not focus on the Lipschitz counterpart of Definition 3.4.
The case of homogeneous subgroups of Carnot groups would lead to to a variant of [CP06,
Definition 3] allowing countably many possibly different groups. We think there are patho-
logical examples and more easy-to-ask questions that we are not able to answer up to now.
For example Peano’s curve tells that the Euclidean plane R2 can be Lipschitz rectified
with
(
R, ‖ · ‖1/2
)
. Notice that
(
R, ‖ · ‖1/2
)
is the vertical line in the Heisenberg group.1
Forcing the topological dimension to be the same, we also wonder whether there exists
a Lipschitz map
f : U ⊆
(
R3, ‖ · ‖3/4
)
→ H1,
with H4(f(U)) > 0.
Remark 3.10. As in Remark 3.3, if (X, d) has Hausdorff dimension k and Hk(X) > 0,
it holds that if (X, d) is purely Pauls Carnot unrectifiable then it is not Pauls Carnot
rectifiable.
1We have evidence that every Carnot group of Hausdorff dimension Q can be Lipschitz rectified with(
R, ‖ · ‖1/Q
)
, which is a subgroups of every Carnot group of step Q.
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4. A Carnot algebra with uncountable non-isomoprhic Carnot subalgebras
In this section we prove that there exists a Carnot algebra g of dimension 8 that has
uncountably many pairwise non-isomorphic Carnot subalgebras of dimension 7. The Lie
algebra g is constructed in Definition 4.3 and in Proposition 4.5 we prove the result.
Definition 4.1. Given µ ∈ R, we call gµ the Carnot algebra of step 3 and dimension 7
given by
gµ = V
1
µ ⊕ V
2
µ ⊕ V
3
µ ,
where
V 1µ = span{X1,X2,X3}, V
2
µ = span{X4,X5,X6}, V
3
µ = span{X7},
with the following relations
[X1,X2] = X4, [X1,X3] = −X6, [X2,X3] = X5;
[X1,X5] = −X7, [X2,X6] = µX7, [X3,X4] = (1− µ)X7,
(4.1)
where all the other commutators between two vectors of the basis {X1, . . . ,X7} that are
not listed above are zero.
Remark 4.2. The family {gµ}µ∈R in Definition 4.1 consists of uncountably many pairwise
non-isomorphic Carnot algebras, which are called of type 147E, see [Gong98]. Indeed, if
µ1, µ2 /∈ {0, 1}, the Lie algebra gµ1 is isomorphic to gµ2 if and only if I(µ1) = I(µ2), where
I(µ) :=
(1− µ+ µ2)3
µ2(µ− 1)2
.
Our plan is to next add a direction X in the first stratum of a specific Carnot algebra
given by Definition 4.1, namely the one with µ = 0. We show the existence of uncountably
many pairwise non-isomorphic Carnot subalgebras of dimension 7 in this new Carnot
algebra of dimension 8.
Definition 4.3. We call g the Carnot algebra of step 3 and dimension 8 given by
g = V 1 ⊕ V 2 ⊕ V 3,
where
V 1 = span{X0,X1,X2,X3}, V
2 = span{X4,X5,X6}, V
3 = span{X7},
with the following bracket relations
[X1,X2] = X4, [X1,X3] = −X6, [X1,X0] = −X4, [X2,X3] = X5;
[X1,X5] = −X7, [X3,X4] = X7, [X0,X6] = X7,
(4.2)
and all the other commutators between two elements of the basis {X0,X1, . . . ,X7} that
are not listed above are 0.
Remark 4.4. Let us show that the one defined in Definition 4.3 is a Lie algebra. It suffices
to verify Jacobi identity on triples of pairwise different vectors of the basis. Being the step
of the stratification equal to 3, it suffices to show the Jacobi identity on vectors in the
first stratum V 1. Then, as we are extending g0 in Definition 4.1, we just have to check
the Jacobi identity on the triples {X1,X2,X0}, {X2,X3,X0} and {X1,X3,X0}. A simple
computation yields
[X1, [X2,X0]] + [X2, [X0,X1]] + [X0, [X1,X2]] = 0 + [X2,X4] + [X0,X4] = 0,
[X2, [X3,X0]] + [X3, [X0,X2]] + [X0, [X2,X3]] = 0 + 0 + [X0,X5] = 0,
[X1, [X3,X0]] + [X3, [X0,X1]] + [X0, [X1,X3]] = 0 + [X3,X4]− [X0,X6] = X7 −X − 7 = 0,
(4.3)
which is what we want.
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Now we are ready for the following proposition.
Proposition 4.5. If g is the Carnot algebra of dimension 8 and step 3 in Definition 4.3,
then there exist uncountably many Carnot subalgebras of dimension 7 of g that are pairwise
non-isomorphic.
Proof. We present explicitely an uncountable family of Carnot subalgebras of dimension
7 of g, indexed by λ ∈ R, which are isomorphic to gλ in Definition 4.1 if λ 6= 1. Then by
Remark 4.2 we get the conclusion.
Given λ ∈ R, with λ 6= 1, let us define the following vector in V 1 ⊆ g,
Y2 := X2 + λX0. (4.4)
Then {X1, Y2,X3} are linearly independent vectors of V
1. By explicit computations, using
the relations in (4.2), we have
[X1, Y2] = (1− λ)X4 =: Y4,
[X1,X3] = −X6,
[Y2,X3] = X5;
(4.5)
[X1, Y4] = 0,
[X1,X5] = −X7,
[X1,X6] = 0,
[Y2, Y4] = 0,
[Y2,X5] = 0,
[Y2,X6] = λX7,
[X3, Y4] = (1− λ)X7,
[X3,X5] = 0,
[X3,X6] = 0,
(4.6)
and all the other commutators beetwen two elements of the linearly independent vectors
{X1, Y2,X3, Y4,X5,X6,X7}, that are not listed above, vanish. Then in view of (4.5) and
(4.6), if λ 6= 1, the subspace W 1 := span{X1, Y2,X3} generates a Carnot subalgebra of
step 3 and dimension 7 in g, which is isomorphic to gλ in Definition 4.1. 
5. Main results
In this section we construct the example that satisfies Theorem 1.1 and we prove the
properties discussed in the introduction. We build the hypersurface S in the Carnot group
G whose Lie algebra g is as in Definition 4.3.
First of all let us identify G with R8 by using exponential coordinates and the ordered
basis (X0,X1, . . . ,X7)
x = (x0, x1, x2, x3, x4, x5, x6, x7)→
→ exp (x0X0 + x1X1 + x2X2 + x3X3 + x4X4 + x5X5 + x6X6 + x7X7) .
(5.1)
In these coordinates we can express the left-invariant vector fieldsX0(x),X1(x),X2(x),X3(x)
that extend X0,X1,X2,X3, in this way, see [FSSC03a, Proposition 2.2]:
X0(x) = ∂x0 + r0(x),
X1(x) = ∂x1 + r1(x),
X2(x) = ∂x2 + r2(x),
X3(x) = ∂x3 + r3(x),
(5.2)
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where r0(x), r1(x), r2(x), r3(x) are combinations, with polynomial coefficients of the coor-
dinates, of ∂x4, ∂x5 , ∂x6 , ∂x7 . Now we are ready to state and prove one of the main results
of this article.
Proposition 5.1. There exist a Carnot group G and a C∞ non-characteristic hypersurface
S ⊆ G with uncountably many pairwise non-isomorphic tangent groups.
Proof. Let us consider the Carnot algebra g in Definition 4.3 and G := exp g identified
with R8 by means of the exponential coordinates in (5.1).
Let us consider the family of vertical subgroups of codimension 1 in G given by
Gλ := {v ∈ G ≡ R
8 : λv2 − v0 = 0}.
The Lie algebra of Gλ is isomorphic to the algebra gλ if λ 6= 1 according to the proof
of Proposition 4.5. Then the family {Gλ}λ∈R contains uncountably many non-isomorphic
Carnot groups and the conclusion follows taking the vertical surface inG given by Lemma 2.27
that is smooth and non-characteristic due to Remark 2.25. 
Remark 5.2. In particular, every S as in Proposition 5.1 is not bi-Lipschitz equivalent
to an open set in a Carnot group. This follows from a blow-up argument and Pansu’s
differentiability theorem [Pan89]. The argument will be made clear in the proof of the
forthcoming Theorem 5.4. We stress that even for some sub-Riemannian manifolds the
constance of the tangent may not give bi-Lipschitz local equivalence with the tangent
Carnot group, see [LOW14].
Remark 5.3. We give another example of smooth non-characteristic hypersurface satisfying
Proposition 5.1. The particular form of this example will help us in showing the forth-
coming Theorem 5.4 and Corollary 5.9. Let us consider again the Carnot algebra g in
Definition 4.3 and G := exp g identified with R8 by means of the exponential coordinates
in (5.1). Let us consider the vertical surface
S =
{
x ∈ G ≡ R8 : f(x) :=
1
3
x32 + x0 = 0
}
. (5.3)
By Remark 2.25 this is a smooth non-characteristic hypersurface. From easy computations
due to the particular form of Xi’s in (5.2) and from the definition of tangent group in
Definition 2.9, it follows that
Lie(T IxS) = span{X1,X2 − x
2
2X0,X3,X4,X5,X6,X7},
and then Lie(T IxS) is isomorphic to the Carnot algebra generated by W
1 defined in the
proof of Proposition 4.5, where the λ there is now equal to −x22. Then, the Lie algebra
Lie(T IxS) is isomorphic to g−x2
2
defined in Definition 4.1. Because of the fact that given any
λ ≤ 0 there is always a point in S satisfying λ = −x22, Remark 4.2 grants us that the family
{Lie(T IxS)}x∈S contains uncountably many pairwise non-isomorphic Carnot algebras and
then the family {T IxS}x∈S contains uncountably many pairwise non-isomorphic Carnot
groups.
Theorem 5.4. There exist a Carnot group G and a C∞ non-characteristic hypersurface
S ⊆ G, of Hausdorff dimension 12, such that on every H12-positive measure subset of
it there are two points with non-isomorphic tangents. In particular, the set S is purely
bi-Lipschitz homogeneous unrectifiable according to Definition 3.4.
Proof. Let us consider g the Carnot algebra in Definition 4.3. Let us identify G := exp g
with R8 by means of the exponential coordinates in (5.1) and let us fix a left-invariant
homogeneous distance d on G. Let us consider S as in Remark 5.3. By Proposition 2.19,
the definition of S, and the fact that the Hausdorff dimension of G is 13, we get that
the Hausdorff dimension of S is 12 and (S, d,H12) is a proper locally doubling metric
measure space. Notice also that by Proposition 2.20 (see also Remark 2.21) we get that
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the Gromov-Hausdorff tangent at each point x ∈ S is unique and isometric to (T IxS, d).
Notice that for all x ∈ S, the space T IxS is a Carnot group, as it is shown in the construction
of S given in Remark 5.3.
We claim that
H12(S ∩ {x2 = λ}) = 0, ∀λ ∈ R. (5.4)
Indeed, we know that S∩{x2 = λ} is the intersection of two C
1
H-hypersurfaces that satisfy
the improved version of Proposition 2.14 contained in [DMV19, Theorem A.5]. Then we
get that S ∩ {x2 = λ} is locally the graph of an intrinsic Lipschitz function defined on
W := {v ∈ G ≡ R8 : x22v2+v0 = 0}∩{v ∈ G ≡ R
8 : v2 = 0} = {v ∈ G ≡ R
8 : v0 = v2 = 0},
with values in the horizontal subgroup H := {exp(tX0+ sX2) : t, s ∈ R}. Notice that H is
a subgroup because [X0,X2] = 0. By using [LDNG19, Theorem 4.4, (iii)] we get that W
has Hausdorff dimension 11 with respect to the distance d and then by Proposition 2.16
we get (5.4).
Now we claim that each subset U of S that satisfies H12(U) > 0 has at least two points
with two non-bi-Lipschitz Gromov-Hausdorff tangents. Indeed, the equation (5.4) tells us
that for each U ⊆ S with H12(U) > 0, the coordinate function x2 takes on U uncountable
values. This, according to the fact that T IxS is a Carnot group isomorphic to the one
with Lie algebra g−x2
2
(see Remark 5.3), immediately tells that there are in U at least
two points with two non-isomorphic (because of Remark 4.2) Carnot groups as tangent.
By Pansu’s theorem [Pan89], two non-isomorphic Carnot groups cannot be bi-Lipschitz
equivalent, so the claim follows. Now the proof is completed by using the criterion shown
in Lemma 3.6. 
From Remark 3.3 we have the following consequence to Theorem 5.4.
Corollary 5.5. There exist a Carnot group G and a C∞ non-characteristic hypersurface
S ⊆ G that it is not bi-Lipschitz homogeneous rectifiable according to Definition 3.4
Remark 5.6. Notice that from Corollary 5.5 it follows that S is not rectifiable according to
the countable bi-Lipschitz variant of [CP06, Definition 3], see Remark 3.5. We notice here
that we still are not able to prove that our counterexample is not rectifiable according to
[CP06, Definition 3], see Remark 3.9. Nevertheless, in the forthcoming Theorem 5.7 we
show that it is not so according to [Pau04, Definition 4.1].
Theorem 5.7. There exist a Carnot group G and a C∞ non-characteristic hypersurface
S ⊆ G that is purely Pauls Carnot unrectifiable according to Definition 3.7.
Proof. Let us take S and G as in Remark 5.3. Let us fix on G a homogeneous left-invariant
distance d. Then from Proposition 2.19 we get that the Hausdorff dimension of S is 12,
because the Hausdorff dimension of G is 13. We will show there is no Lipschitz map
f : U ⊆ Gˆ→ (S, d), with Gˆ a Carnot group, dimH Gˆ = 12 and H
12(f(U)) > 0.
Suppose by contradiction there is such a map. We can assume U closed, see Remark 3.2.
By composing the map f with the inclusion i : S →֒ G we get a Lipschitz map f˜ : U ⊆
Gˆ→ G. We will make use of results and notation in Section 2.
Let us call UND ⊆ U the set of points where f˜ is non-differentiable, UI ⊆ U the set
of differentiability points x of f˜ for which Df˜x : Gˆ → G is injective and UNI ⊆ U the
set of differentiability points x of f˜ for which Df˜x is not injective. We thus have U =
UND⊔UI⊔UNI, f˜(U) = f˜(UND)∪ f˜(UI)∪ f˜(UNI) and we know, from Rademacher theorem
(Theorem 2.2) and the fact that f˜ is Lipschitz, that H12(f˜(UND)) = H
12(UND) = 0.
We claim that H12(f˜(UI)) > 0. Indeed, the Hausdorff dimension of Gˆ is 12. Thus, for
x ∈ UNI, we get that Df˜x(Gˆ) is a homogeneous subgroup of G of Hausdorff dimension at
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most 11, see Lemma 5.8 below. Then
J12(Df˜x) =
H12(Df˜x(B(0, 1)))
H12(B(0, 1))
= 0,
and from Theorem 2.5 applied to f˜ : UNI → G we get H
12(f˜(UNI)) = 0. Now we conclude
the proof of the claim:
H12(f˜(UI)) = H
12(f˜(UI)) +H
12(f˜(UNI)) +H
12(f˜(UND))
≥ H12(f˜(U)) > 0.
For every point z in UI there exists an injective Carnot homomorphism Df˜z : Gˆ → G.
For how it is constructed the differential Df˜z (see Remark 2.3) we know that for ω in a
dense subset Ω of Gˆ we have
Df˜z(ω) = lim
zδtω,t→0
δ1/t
(
f˜(z)−1f˜(zδtω)
)
.
From f˜(zδtω) ∈ S and f˜(zδtω) → f˜(z) we thus get that Df˜z(ω) ∈ Tan
+
G(S, f˜(z)) (see
Definition 2.22). Then thanks to Lemma 2.23, applied with W = T I
f˜(z)
S in view of
Proposition 2.20, we get that Df˜z(ω) takes values in T
I
f˜(z)
S for ω ∈ Ω. Now taking
into account that Df˜z is defined on all of Gˆ by density (see Remark 2.3) and considering
that T I
f˜(z)
S is closed, we get that Df˜z takes values in T
I
f˜(z)
S, which is a Carnot sub-
group of G of Hausdorff dimension 12, thanks to the explicit expression of the tangent in
Remark 5.3 and [LDNG19, Theorem 4.4, (iii)]. Thus as Gˆ has Hausdorff dimension 12
itself and Df˜z is injective, we get that Df˜z is an isomorphism and so Gˆ is isomorphic to
T I
f˜(z)
S for every z ∈ UI. Thus we get a contradiction with Theorem 5.4 because we proved
H12(f˜(UI)) > 0. 
Lemma 5.8. Let ϕ : G→ H be a Carnot homomorphism between two Carnot groups. If
ϕ is not injective then it holds
dimH G ≥ dimH ϕ(G) + 1.
Proof. By definition of Carnot homomorphism we get that Kerϕ is a homogeneous sub-
group of G and ϕ(G) is a homogeneous subgroup ofH. If an element g is in Vi for some i, we
say that i is the degree of g and write deg g = i. We take {e1, . . . , el, el+1, . . . , en} ⊆ ∪
s
i=1Vi
a basis of g, such that {e1, . . . , el} is a basis of Kerϕ. Then {ϕ∗(el+1), . . . , ϕ∗(en)} is a
basis of the Lie algebra of ϕ(G). By the fact that ϕ∗ preserves the stratification (see
Remark 2.1), we get
degϕ∗(ei) = deg ei
for each l + 1 ≤ i ≤ n. Then by [LDNG19, Theorem 4.4, (iii)] and the previous equation
we get
dimH ϕ(G) =
n∑
i=l+1
degϕ∗(ei) =
n∑
i=l+1
deg ei <
n∑
i=1
deg ei = dimH G.
where we used in the strict inequality that l > 0 being ϕ not injective. 
From Remark 3.10 we have this consequence to Theorem 5.7.
Corollary 5.9. There exist a Carnot group G and a C∞ non-characteristic hypersurface
S ⊆ G that is not Pauls Carnot rectifiable according to Definition 3.7.
Remark 5.10. The examples of Corollary 5.9 are actually C1H-hypersurfaces because they
are smooth and non-characteristic, see Remark 2.8. Thus they rectifiable in the sense of
Franchi, Serapioni and Serra Cassano but we proved they are not in the sense of [Pau04,
Definition 4.1]. Indeed, the definition of Pauls Carnot rectifiability is a generalization of
[Pau04, Definition 4.1], see Remark 3.8.
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Remark 5.11. We notice that every tangent group to S as in the proof of Theorem 5.7
is a Carnot group. So S is an example of a smooth non-characteristic hypersurface in a
Carnot group that cannot be Lipschitz parametrizable by countably many subsets of its
tangents.
We state here as a theorem something we already proved in Theorem 5.4.
Theorem 5.12. There exists a proper locally doubling metric measure space (X, d,Hk),
where k := dimHX, that satisfies the following two properties:
(1) For each x ∈ X, there exists (up to isometry) only one element in Tan(X, d, x)
and it is a Carnot group;
(2) For each U ⊆ X with Hk(U) > 0 there exists an uncountable family {xi}i∈I ⊆ U
of points such that the tangent spaces at these points are pairwise non-bi-Lipschitz
equivalent.
Proof. The example and the proof is exactly the same as in the proof of Theorem 5.4. 
Remark 5.13. Another example (a sub-Riemannian manifold) that satisfies Theorem 5.12
was presented in [LDY19, Proposition 13].
Remark 5.14. (S has a structure of sub-Riemannian manifold) For an introduction to sub-
Riemannian manifolds, also in the Finsler case, one can see [LD17b, Chapter 2]. We show
that the example in Remark 5.3 has also the structure of an equiregular sub-Riemannian
manifold. Indeed, the set S is a smooth hypersurface of R8 and we can consider the
distribution
Dx := span{X1(x),X2(x)− x
2
2X0(x),X3(x)} ⊆ TxS,
where Xi(x) are defined in Equation 5.2 and TxS is the Euclidean tangent of S. We equip
the distribution D with some smooth scalar product g. By the computations made in
Proposition 4.5 and by considering (5.2), we get
D2x := Dx + [D,D]x =
= span{X1(x),X2(x)− x
2
2X0(x),X3(x),X4(x),X5(x),X6(x)},
D3x := D
2
x + [D,D
2](x) =
= span{X1(x),X2(x)− x
2
2X0(x),X3(x),X4(x),X5(x),X6(x),X7(x)} =
= TxS.
(5.5)
Then we get that, for all x ∈ S, dimDx = 3, dimD
2
x = 6 and dimD
3
x = 7. Thus we define
the sub-Riemannian distance dsR associated to the sub-Riemannian structure (S,D,g).
We get from the results in [Bel96] (see also [Jean14, Theorem 2.5], [Jean14, page 25]) and
the explicit expression (5.5), that the tangent space at x ∈ S to (S, dsR) is isometric to
the Carnot group G−x2
2
with Lie algebra g−x2
2
, defined in Definition 4.1, equipped with the
Carnot-Carathéodory distance induced by the left-invariant scalar product that, on the
first stratum of the Lie algebra, coincide with gx. Also from [Mit85, Theorem 2] (see also
[GJ16, Theorem 3.1]) we get that the Hausdorff dimension of (S, dsR) is 12.
Then a slightly change of the proof of Theorem 5.4 - namely at the end of the proof
we need to use the results about the Hausdorff dimension of smooth submanifolds in
a sub-Riemannian manifold in [Grom96, 0.6.B] (see also [GJ16, Theorem 5.3]) to obtain
H12(S∩{x2 = λ}) = 0 - gives that (S, dsR) is purely bi-Lipschitz homogeneous unrectifiable.
Also, reasoning exactly as in the proof of Theorem 5.4, we have that (S, dsR,H
12) satisfies
Theorem 5.12.
6. Pauls’ rectifiability of C∞-hypersurfaces in Heisenberg
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groups
In this section we prove that C∞-hypersurfaces in the n-th Heisenberg group, Hn
with n ≥ 2, are rectifiable according to [CP06, Definition 3], see also Theorem 6.15 and
Remark 6.16. We start with a distance comparison lemma which more generally holds for
Carnot groups of step 2, see Proposition 6.6. Then in Section 6.3 we show the equivalence
of intrinsic distance and induced distance for intrinsic Lipschitz graphs in Heiseneberg
groups, which has been suggested to us by Fässler and Orponen, adapting an argument of
[CMPSC14]. After that, in Section 6.4, we prove that C∞ non-characteristic hypersurfaces
in Hn, with n ≥ 2, carry a sub-Riemannian structure, see Proposition 6.11 and [TY04,
Theorem 1.1]. Therefore, we show that the sub-Riemannian distance is locally equivalent
to the induced distance, see Proposition 6.12. By means of [LDY19, Theorem 1] we are
able to conclude the result: see Theorem 6.15.
6.1. Carnot Groups of step 2. In this subsection we recall the geometry of step 2 groups
in exponential coordinates. We stress here that sometimes we use Einstein notation: we
do not use the symbol Σ and we remind that, in this case, we are tacitly taking the sum
over the repeated indexes. Every Carnot group of step 2 arises as follows.
Let (B1jl), . . . , (B
n
jl) be n linearly independent skew-symmetric m × m matrices with
j, l = 1, . . . ,m. Consider the Carnot group (Rm × Rn, ·, δλ) where the operation is
(x1, . . . , xm, y1, . . . , yn) · (x˜1, . . . , x˜m, y˜1, . . . , y˜n) :=(
x1 + x˜1, . . . , xm + x˜m, y1 + y˜1 +
1
2
B1jlx˜jxl, . . . , yn + y˜n +
1
2
Bnjlx˜jxl
)
,
(6.1)
and the dilations are
δλ(x1, . . . , xm, y1, . . . , yn) := (λx1, . . . , λxm, λ
2y1, . . . , λ
2yn), (6.2)
for every λ > 0.
In the Carnot groups defined above we call Xj, with j = 1, . . . ,m, the left-invariant
vector fields that agree with ∂xj at the origin. We call Yk, with k = 1, . . . , n, the left-
invariant vector fields that agree with ∂yk at the origin. It holds
Xj = ∂xj +
1
2
Bkjlxl∂yk ,
Yk = ∂yk .
(6.3)
We shall consider the two following homogeneous subgroups
L := {(x1, 0, . . . , 0)}, W := {(0, x2, . . . , xm, y1, . . . , yn)}. (6.4)
In what follows ϕ˜ : W→ L will be an intrinsic L-Lipschitz function (Definition 2.12) and
ϕ : Rm+n−1 → R is defined according to
ϕ˜(0, x2, . . . , xm, y1, . . . , yn) = (ϕ(x2, . . . , xm, y1, . . . , yn), 0, . . . , 0). (6.5)
The following vector fields on W are strictly related to the intrinsic gradient of a function,
see [DD18, Section 5].
Definition 6.1. Given ϕ˜ and ϕ as in (6.5) we define, for j = 2, . . . ,m, the vector fields
at W on x¯ := (0, x2, . . . , xm, y1, . . . , yn) as
Dϕj |x¯ := Xj |x¯ + ϕ(x2, . . . , xm, y1, . . . , yn)B
k
j1Yk|x¯. (6.6)
Definition 6.2. We will say that an absolutely continuous curve γ˜ : I →W is horizontal
for the family of vector fields {Dϕj }j=2,...,m, if there exist (a2(t), . . . , am(t)) ∈ L
1(I;Rm−1)
such that
γ˜′(t) = aj(t)D
ϕ
j |γ˜(t), for a.e. t ∈ I. (6.7)
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Then the ϕ-length of γ˜ is defined as
ℓϕ(γ˜) :=
∫
I
√
a2(s)2 + · · ·+ am(s)2 d s. (6.8)
Remark 6.3. Notice that if
γ˜(t) := (0, x2(t), . . . , xm(t), y1(t), . . . yn(t)), (6.9)
then
ℓϕ(γ˜) =
∫
I
√
x′2(s)
2 + · · ·+ x′m(s)
2 d s. (6.10)
Remark 6.4. Using the notation in Section 6.1, the Heisenberg group Hn¯ is obtained when
m = 2n¯, n = 1 and B1ij = 1 if and only if i = j + n¯, otherwise it is zero.
6.2. Length comparison for Carnot groups of step 2. In this subsection we will show
that for Carnot groups of step 2, the length measured with the left-invariant homogeneous
distance d in the group G of the curve γ˜ · ϕ˜(γ˜) is controlled from above by ℓϕ(γ˜).
Remark 6.5. For the general theory of sub-Riemannian manifolds, including the Finsler
case, one can check [LD17b, Chapter 2]. We recall that in G we have two interpretations
for the length of an absolutely continuous curve. Indeed, as in any Carnot-Carathéodory
space, if the distance d on G is induced by a norm ‖ · ‖ on the horizontal bundle V1 of G,
the length of a continuous curve γ : I → G equals the following values
length(γ) := sup
{
n∑
i=1
d(γ(si−1), γ(si))
}
=
∫
I
‖γ′(t)‖d t, (6.11)
where the sup is over the partitions ⊔ni=0[si, si+1] of I.
The proof of the forthcoming proposition was pointed out to us by Fässler and Orponen
in the Heisenber group and it is substantially contained in [CMPSC14, Proposition 3.8.].
We present here a general proof for step 2 groups.
Proposition 6.6. Let G be a step 2 Carnot group with the choice of coordinates as in
Section 6.1 and W and L as in (6.4). Let ϕ˜ : W → L be intrinsic L-Lipschitz. Set
ϕ,Dϕj , ℓϕ as in (6.5), (6.6), and (6.8), respectively. If γ˜ : I →W is horizontal with respect
to {Dϕj }j=2,...,m, then
length(γ˜ · ϕ˜(γ˜)) ≤ C · ℓϕ(γ˜),
where C = C(G, L).
Moreover, if the norm of the controls aj(t) of γ˜ as in Definition 6.2 are bounded by
K, the projection on the first component of the curve s 7→ ϕ˜(γ˜(s)) is L′-Lipschitz, with
L′ = L′(L,K,G).
Proof. Set γ : I → Rm+n−1 be the curve
γ(t) := (x2(t), . . . , xm(t), y1(t), . . . , yn(t)),
where we use the notation (6.9). By the fact that γ˜ is horizontal with respect to {Dϕj }j=2,...,m
we get by easy computations that for each k = 1, . . . , n
y′k(t) = x
′
j(t)
(
1
2
Bkjlxl(t) + ϕ(γ(t))B
k
j1
)
, for a.e. t ∈ I, (6.12)
where we sum over j and l from 2 to m. Now we consider the curve γ˜ between two
intermediary times t < t1 and we claim that
m∑
i=2
|xi(t1)− xi(t)| ≤ C1ℓϕ
(
γ˜|[t,t1]
)
, (6.13)
where the constant C1 = C1(m). Indeed, this is a consequence of the fundamental theorem
of calculus, Cauchy-Schwarz and (6.10).
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Set Φ(γ˜(·)) := γ˜(·)ϕ˜(γ˜(·)). By the definition of length it suffices to show that for all
[t, t1] ⊆ I there exists a constant C = C(L,G) such that
d(Φ(γ˜(t)),Φ(γ˜(t1)) ≤ C · ℓϕ(γ˜|[t,t1]). (6.14)
By the fact that ϕ is intrinsic Lipschitz and [FMS14, Proposition 2.3.4.] one has that,
setting ‖ · ‖ the homogeneous norm on G associated to d (see Section 2.1), there exists a
constant C0 = C0(L) such that
d(Φ(γ˜(t)),Φ(γ˜(t1)) ≤ C0‖πW
(
Φ(γ˜(t))−1Φ(γ˜(t1))
)
‖. (6.15)
Then we leave to the reader to verify the algebraic equality
πW
(
Φ(γ˜(t))−1Φ(γ˜(t1))
)
= ϕ˜(γ˜(t))−1γ˜(t)−1γ˜(t1)ϕ˜(γ˜(t)). (6.16)
By exploiting the formula for the group law, it holds
ϕ˜(γ˜(t))−1γ˜(t)−1γ˜(t1)ϕ˜(γ˜(t)) =
= (0, x2(t1)− x2(t), . . . , xm(t1)− xm(t), σ1(t1, t), . . . , σn(t1, t)),
(6.17)
where for each k = 1, . . . , n we have
σk(t1, t) := yk(t1)− yk(t) +B
k
1jϕ(γ(t))(xj(t1)− xj(t)) −
1
2
Bkjlxj(t1)xl(t), (6.18)
where the sums on indexes j and l run from 2 to m.
Then by (6.17) and the fact that ‖ · ‖ is equivalent to any other homogeneous norm on
G, we have that
‖ϕ˜(γ˜(t))−1γ˜(t)−1γ˜(t1)ϕ˜(γ˜(t))‖ ∼
m∑
i=1
|xi(t1)− xi(t)|+
n∑
k=1
√
|σk(t1, t)|. (6.19)
Using (6.12) and that Bkjlxj(t)xl(t) = 0 by skew-symmetry of B
k we can rewrite σk(t1, t)
as follows
σk(t1, t) =
(∫ t1
t
y′k(ξ) d ξ
)
+Bk1jϕ(γ(t))(xj(t1)− xj(t))−
1
2
Bkjlxj(t1)xl(t)
=
∫ t1
t
(
x′j(ξ)B
k
j1 (ϕ(γ(ξ)) − ϕ(γ(t))) +
1
2
x′j(ξ)B
k
jl(xl(ξ)− xl(t))
)
d ξ.
(6.20)
Set
f(t1, t) := sup
ξ∈[t,t1]
|ϕ(γ(ξ) − ϕ(γ(t)))|.
It follows from (6.20), (6.13) and Cauchy-Schwarz inequality that
|σk(t1, t)| ≤ C2
(
ℓϕ(γ˜|[t,t1]) + f(t1, t)
)
ℓϕ(γ˜|[t,t1]), (6.21)
where C2 = C2(m,B) and B := max |B
k
jl|. Now for each ξ ∈ [t, t1] we get by the fact ϕ is
intrinsic Lipschitz, (6.16), (6.19), (6.13) and (6.21) with ξ instead of t1, that
|ϕ(γ(ξ)) − ϕ(γ(t))| ≤ L‖πW
(
Φ(γ˜(t))−1Φ(γ˜(ξ))
)
‖
= ‖ϕ˜(γ˜(t))−1γ˜(t)−1γ˜(ξ)ϕ˜(γ˜(t))‖ ∼
m∑
i=1
|xi(ξ)− xi(t)|+
n∑
k=1
√
|σk(ξ, t)|
≤ C3
(
ℓϕ(γ˜|[t,ξ]) +
√
f(ξ, t)
√
ℓϕ(γ˜|[t,ξ])
)
,
(6.22)
where C3 = C3(m,B,L). Now passing to the supremum as ξ ∈ [t, t1] in both sides we get
f(t1, t) ≤ C3
(
ℓϕ(γ˜|[t,t1]) +
√
f(t1, t)
√
ℓϕ(γ˜|[t,t1])
)
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from which there exists C4 = C4(m,B,L) such that
f(t1, t) ≤ C4ℓϕ
(
γ˜|[t,t1]
)
. (6.23)
Finally by chaining (6.15), (6.16), (6.19), (6.13), (6.21), and (6.23), we get (6.14) which
was what we wanted. For the second part of the lemma we just chain (6.22) and (6.23)
with ξ instead of t1, and use the fact that ℓϕ(γ˜|[t,ξ]) is bounded above by C(K,m)|ξ − t|
by the definition of ℓϕ in (6.8). 
Remark 6.7. The second part of Proposition 6.6 recovers also the statement of [DD19,
Proposition 3.6]. Notice that results that are similar to Proposition 6.6 have been proved
by Kozhevnikov. In particular, in [Koz15, Proposition 4.2.16] it is proved, in the general
setting of Carnot groups, a characterization of intrinsic Lipschitz graphs by means of
metric properties of integral curves, on W, of some analog of ours {Dϕj } defined in (6.6).
In particular, the implications 1 ⇒ 2 and 1 ⇒ 3 in [Koz15, Proposition 4.2.16] show
the statement of Proposition 6.6 but just for horizontal curves γ˜ : I → W with constant
controls aj(t) ≡ aj in (6.7). A similar result was already known from [CM06, Theorem
1.2].
6.3. Equivalence of intrinsic distance and induced distance on intrinsic Lips-
chitz graphs in the Heisenberg groups.
Definition 6.8. Given ϕ˜ and ϕ as in Equation 6.5 we define the intrinsic length distance
on the graph Γ := graph(ϕ˜) = {wϕ˜(w) : w ∈W} ⊆ G as follows
dΓ(x, y) := inf{length(γ)|γ : [0, 1] → Γ, γ(0) = x, γ(1) = y, γ horizontal}. (6.24)
Remark 6.9. Up to a globally bi-Lipschitz change of norm, we can suppose to work with
a left-invariant homogeneous distance d on G coming from a scalar product g on the
horizontal bundle V1. Notice that if Γ is a smooth submanifold of G and the horizontal
bundle V1 intersects the tangent bundle of Γ in a bracket generating distribution, then the
distance dΓ(x, y) is exactly the sub-Riemannian distance, let us call it dint(x, y), associated
to the sub-Riemannian structure
(
Γ,V1 ∩ TΓ,g|(V1∩TΓ)×(V1∩TΓ)
)
.
We now stress that in the specific case of the Heisenberg groups the induced distance d
is bi-Lipschitz equivalent to dΓ defined in (6.24). The proof was suggested to us by Fässler
and Orponen.
Proposition 6.10. With the same assumptions and notation as in Proposition 6.6, if
G = Hn with n ≥ 2, then
d(x, y) ∼ dΓ(x, y), ∀x, y ∈ Γ,
where dΓ is defined in (6.24) and d is the induced distance, restriction of the one in Hn.
Proof. First of all notice that, using the notation in (6.6) and taking into account Remark 6.4,
if G = Hn, then Dϕj |x¯ = Xj |x¯ for all j = 2, . . . , 2n and j 6= n + 1, while D
ϕ
n+1|x¯ =
Xn+1|x¯ + ϕ(x2, . . . , x2n, y1)Y1|x¯. We also have [Xj ,Xn+j ] = Y1 for every j = 1, . . . , n and
all the other commutators are zero. By definition of dΓ (6.24), exploiting the definition of
length (6.11) and the triangular inequality, we get
d(x, y) ≤ dΓ(x, y), ∀x, y ∈ Γ.
Now we want to prove the opposite inequality up to a constant. First of all, by a left
translation, we can assume x = 0 and y = wϕ˜(w) for w ∈W. It holds that
d(x, y) = d(0, y) = ‖wϕ˜(w)‖d ≥ C0‖w‖d, (6.25)
where ‖ · ‖d is the homogeneus norm associated to d and C0 = C0(W,H), see [FMS14,
Theorem 2.2.2.]. From now on, in this proof, we will set ‖ · ‖d := ‖ · ‖.
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We claim that we can conclude if we show that for each w ∈ W there exists γ˜ ⊆ W,
connecting 0 to w, horizontal for {Dϕj }j=2,...,2n+1, such that
ℓϕ(γ˜) ≤ C1‖w‖, (6.26)
for some constant C1. Indeed, if (6.26) holds, then from the first part of Proposition 6.6
and (6.25) we get that, setting Φ(γ˜) := γ˜ϕ˜(γ˜),
length(Φ(γ˜)) ≤ C2d(x, y),
where C2 is a constant, and Φ(γ˜) is a curve contained in Γ connecting x = 0 to y = wϕ˜(w).
Being the length of Φ(γ˜) finite, we get that it is a horizontal curve [LD17b, Theorem 2.4.5.]
and then we get
dΓ(x, y) ≤ C2d(x, y),
that finishes the proof.
Now we show the existence of γ˜, with the required properties, such that (6.26) holds.
We concatenate two curves γ˜1 and γ˜2, horizontal for {D
ϕ
j }j=2,...,2n+1, to reach w :=
(0, x2, . . . , x2n, y1) from 0. Due to the fact that ϕ is continuous, because of Remark 2.13,
Peano’s theorem [Hal80, Theorem 1.1] ensures that there exists a local solution to the
continuous ODE {
τ ′(s) = ϕ(0, . . . , 0, s, 0, . . . , 0, τ(s)),
τ(0) = 0,
(6.27)
where s in the (n+ 1)-th coordinate. Set
γ˜1(s) := (0, . . . , 0, s, 0, . . . , 0, τ(s)),
so that by (6.27) it holds
γ˜′1(s) = D
ϕ
n+1(γ˜1(s)). (6.28)
We show that τ(s) is defined globally on R, arguing similarly as in [CFO19, (4.1) and
after]. Indeed, whenever τ(s) exists,
τ(s) =
∫ s
0
τ ′(ξ) d ξ =
∫ s
0
ϕ(γ˜1(ξ)) d ξ, (6.29)
and by (6.28) and the second part of Proposition 6.6 we have that s 7→ ϕ(γ˜1(s)) is L
′-
Lipschitz, with L′ = L′(L). By (6.29) we have
|τ(s)| ≤ L′s2. (6.30)
Thus, as any solution to (6.27) escapes every compact set [Hal80, Theorem 2.1], we get
from (6.30) that τ(s) is globally defined. Then τ(s) is defined up to s = xn+1 and by the
previous argument
|τ(xn+1)| ≤ L
′x2n+1. (6.31)
We notice that we can identify the arbitrary point (x2, . . . , xn, xn+2, . . . , x2n, y1) with a
point in Hn−1. Thus we can connect the point (0, . . . , 0, τ(xn+1)), where we just removed
the first and the (n+1)-th coordinate from γ˜1(xn+1), to the point (x2, . . . , xn, xn+2, . . . , x2n, y1),
by using a horizontal geodesic in Hn−1 with respect to the Carnot-Carathéodory distance
dg induced, on H
n−1, by the scalar product g that makes X2, . . . ,Xn,Xn+2, . . . ,X2n or-
thonormal. We set γ˜2 : I → H
n to be this horizontal geodesic in Hn−1, read in Hn.
We notice that it is horizontal with respect to the family {Dϕj }j=2,...,n,n+2,...,2n, because
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Dϕj = Xj for j = 2, . . . , 2n and j 6= n+ 1. Then we have
ℓϕ(γ˜2) = dg((0, . . . , 0, τ(xn+1)), (x2, . . . , xn, xn+2, . . . , x2n, y1))
≤ C3

|y1 − τ(xn+1)|1/2 + 2n∑
i=2,i6=n+1
|xi|


≤ C4
(
|y1|
1/2 +
2n∑
i=2
|xi|
)
≤ C5‖w‖,
(6.32)
where the first equality follows by the definition of ℓϕ (6.8) and the fact that γ˜2, restrict
to Hn−1, is a dg-geodesic; the second is true because any two homogeneous norms are
equivalent, the third one is true because of (6.31), and the last one again by the fact that
any two homogeneous norms are equivalent. Now we have
ℓϕ
(
γ˜1|[0,xn+1]
)
= |xn+1| ≤ C6‖w‖, (6.33)
where the first equality is true by the definition of ℓϕ and (6.28) and second is true again
because of the equivalence of homogeneous norms. Now if we set γ˜ := γ˜1|[0,xn+1] ⋆ γ˜2 the
concatenation of the two curves, we get that γ˜ is horizontal and summing (6.32) and (6.33)
we get (6.26) with C1 := C5 + C6, which was what was left to prove. 
6.4. Sub-Riemannian structure of a C∞ non-characteristic hypersurface in the
Heisenberg groups.
6.4.1. The restriction of the horizontal bundle is bracket generating. Now we are going to
prove that for non-characteristic C2-hypersurfaces (see Definition 2.7) in Hn, with n ≥ 2,
the intersection between the horizontal bundle and the tangent bundle is bracket generat-
ing. This result was already known and it is a consequence of a more general one [TY04,
Theorem 1.1.]. Nevertheless we give here a simple proof by making explicit computations.
Proposition 6.11. Consider in Hn, with n ≥ 2, a C2-hypersurface S. If S has no
characteristic points, then the bundle
x 7→ Dx := V1(x) ∩ TxS, (6.34)
gives a step-2 bracket generating distribution on the hypersurface S.
Proof. We need to prove that
∀x ∈ S, Dx + [D,D]x = TxS.
Let us give the proof first for n = 2. We work locally around x ∈ S so that we can assume
that there exists f ∈ C2(Hn) such that
S = {x ∈ Hn : f(x) = 0}.
We define locally the vector fields
Y1 := −(X2f)X1 + (X1f)X2 − (X4f)X3 + (X3f)X4,
Y2 := −(X3f)X1 + (X4f)X2 + (X1f)X3 − (X2f)X4,
Y3 := −(X4f)X1 − (X3f)X2 + (X2f)X3 + (X1f)X4.
We have that for each x ∈ S, the linear space Dx is a three-dimensional subspace,
because x is a non-characteristic point, and then it is easy to see that
Dx = span{Y1|x, Y2|x, Y3|x}, ∀x ∈ S. (6.35)
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Now by doing the computations exploiting the definition of Yi, and using that [X1,X3] =
[X2,X4] = X5, we can show that
[Y1, Y2] = ⋆1 − 2(X1fX2f +X3fX4f)X5,
[Y1, Y3] = ⋆2 + ((X1f)
2 + (X3f)
2 − (X2f)
2 − (X4f)
2)X5,
[Y2, Y3] = ⋆3 + 2(X1fX4f −X2fX3f)X5,
where ⋆1, ⋆2, ⋆3 are some combinations of X1,X2,X3,X4 with function coefficients.
It is easy to check that it is not possible to have, at some point x ∈ S,
(X1f)(x)(X2f)(x) + (X3f)(x)(X4f)(x) = 0,
(X1f)
2(x) + (X3f)
2(x)− (X2f)
2(x)− (X4f)
2(x) = 0,
(X1f)(x)(X4f)(x)− (X2f)(x)(X3f)(x) = 0,
because otherwise (X1f)(x) = (X2f)(x) = (X3f)(x) = (X4f)(x) = 0, which is impossible
because there are no characteristic points. Then at least one among [Y1, Y2]|x, [Y1, Y3]|x, [Y2, Y3]|x
has a component alongX5|x. Then, as in each pointX1|x,X2|x,X3|x,X4|x andX5|x are lin-
early independent, this means that there exists at least one among [Y1, Y2]|x, [Y1, Y3]|x, [Y2, Y3]|x
which is not in Dx. Then as [D,D]x ⊆ TxS, and it holds that there exists an element in
[D,D]x which is not in Dx, we get the conclusion. If n > 2 we can argue exactly in the
same way. Indeed, there exists i with 1 ≤ i ≤ 2n such that Xif(x) 6= 0 and one runs the
same argument substituting X1,X2,X3,X4 with Xi,Xj ,Xi+n,Xj+n with j 6= i. 
6.4.2. Local equivalence of the sub-Riemannian distance and the induced distance. Let S
be a smooth non-characteristic hypersurface in the Heisenberg group Hn, n ≥ 2. From
Proposition 6.11 we have a bracket generating distribution D in the Euclidean tangent
bundle TS of S. Hence S has the structure of sub-Riemannian manifold: we fix a scalar
product g on V1, the horizontal bundle of H
n, which induces a scalar product on D. This
scalar product defines a sub-Riemannian distance on S by taking the infimum of the length
- measured with the norm ‖ · ‖g associated to g - of all the horizontal - according to D -
curves in S. We will call this distance dint, the intrinsic distance on S. We can also equip
S with the restriction of the distance of Hn, which we will induced distance and with a
little abuse of notation we denote it by d.
Proposition 6.12. Let (Hn, d), with n ≥ 2, be the Heisenberg group equipped with the
sub-Riemannian distance coming from a scalar product g on the horizontal distribution.
Let S be a C∞ non-characteristic hypersurface in Hn. For each p ∈ S there exists an open
neighbourhood Up of p such that
d(x, y) ∼ dint(x, y) ∀x, y ∈ Up,
where dint has been introduced at the beginning of Section 6.4.2.
Proof. By Proposition 2.14 we get that locally around p ∈ S, the hypersurface S is the
graph Γ of a globally defined intrinsic Lipschitz function on the tangent group W = T IxS.
By changing coordinates, we can assume W as in (6.4). Then by Proposition 6.10 we get
that dΓ ∼ d and from Remark 6.9 we get that, locally on S, dint = d
Γ, so that we get the
result. 
6.4.3. Tangents of C∞ non-characteristic hypersurfaces. Now we know that a C∞ non-
characteristic hypersurface in the Heisenberg groups Hn, n ≥ 2, is a sub-Riemannian
manifold. With the aim of using the rectifiability result from [LDY19, Theorem 1], we
calculate the possible tangents of S. We begin with a preparatory lemma.
Lemma 6.13. Every vertical subgroup of codimension one in Hn, n ≥ 2, is isomorphic
to Hn−1 × R, which is a Carnot subgroup.
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Proof. Let us take W a codimension-one subspace of the first stratum g1 of the Lie algebra
of Hn, which we call hn, and let us consider a decomposition g1 = Rz⊕W . If we consider
the brackets restricted to W , which is odd-dimensional, we have by skew-symmetry that
there exists v ∈W such that
[v,w] = 0, ∀w ∈W.
Now if we consider a decomposition W = Rv ⊕W ′, we claim that [·, ·] on W ′ is skew-
symmetric and non-degenerate. Indeed, if it is not so, there exists v′ ∈ W ′ such that
[v′, w′] = 0 for every w′ ∈W ′. Now we claim that there exist real numbers α, β such that
v′′ := αv + βv′ satisfies [v′′, h] = 0 for every h ∈ g1. Indeed, if h ∈ W , this holds just by
how v and v′ are defined. Then we can choose α, β such that [v′′, z] = 0. Then this is a
contradiction because [·, ·] is non degenerate on g1.
Then by the fundamental theorem of symplectic forms W ′ is isomorphic as Lie algebra
to hn−1, from which the thesis follows. 
Proposition 6.14. Let S be a C∞-hypersurface in Hn, n ≥ 2, with no characteristic
points. Let D be as in (6.34) and g be a scalar product on the horizontal bundle V1 of H
n.
Then the triple (S,D,g|D×D) is an equiregular sub-Riemannian manifold with Hausdorff
dimension 2n + 1. At each point x ∈ S we have that the Gromov-Hausdorff tangent
is unique and it is isometric the Carnot group Hn−1 × R endowed with some Carnot-
Carathéodory distance.
Proof. Because of the fact that S is non-characteristic it follows that Dx has dimension
2n − 1 at each point x ∈ S. Also it is a direct consequence of Proposition 6.11 that,
for each x ∈ S, the linear space Dx + [D,D]x has dimension 2n. Then (S,D,g|D×D) is
an equiregular sub-Riemannian manifold with weights (2n − 1, 1). Then the Hausdorff
dimension of S with respect to the associate sub-Riemannian distance dint is 2n + 1 by
[Mit85, Theorem 2] (see also [GJ16, Theorem 3.1]).
By [Bel96] (see also [Jean14, Theorem 2.5], [Jean14, page 25]) it follows, as we are in
the equi-regular case, that the Gromov-Hausdorff tangent at any point x ∈ S is isometric
to the Carnot group
Vx := Dx ⊕ ((Dx + [D,D]x)/Dx)
with the bracket operation inherited by the brackets in the Heisenberg group, endowed
with some Carnot-Carathéodory distance. Then Vx is isomorphic to a vertical subgroup
of Hn of codimension 1 and thus isomorphic to Hn−1 × R by Lemma 6.13. 
6.4.4. Carnot-rectifiability of C∞-hypersurfaces. We conclude with the main result of this
section.
Theorem 6.15. Let (Hn, d), with n ≥ 2, be the n-th Heisenberg group equipped with a
left-invariant homogenenous distance d. If S is a C∞-hypersurface in Hn, then the metric
space (S, d) has Hausdorff dimension 2n + 1 and it is ({Hn−1 × R},H2n+1)-rectifiable
according to Definition 3.1.
Proof. Let us assume first that S has no characteristic points. In this case it directly
follows from [LDY19, Theorem 1] and Proposition 6.14 that the metric space (S, dint)
has Hausdorff dimension 2n + 1 and it is ({Hn−1 × R},H2n+1dint )-rectifiable according to
Definition 3.1. Then by Proposition 6.12 we obtain that (S, d) is ({Hn−1 × R},H2n+1d )-
rectifiable.
In the general case, calling ΣS the set of characteristic points, we know thatH
2n+1 (ΣS) =
0 by [Bal03, Theorem 1.1] (see also [Mag06, Theorem 2.16]). Moreover if x ∈ S is a non-
characteristic point, there exists Ux open subset of S containing x such that Ux is a smooth
non-characteristic hypersurface. Then we can use the previous argument to conclude that
(Ux, d) is ({H
n−1 × R},H2n+1)-rectifiable and by covering S \ ΣS with countably many
Ux’s we get the conclusion. 
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Remark 6.16. By Theorem 6.15 it follows that any smooth hypersurface S is Hn−1 × R-
rectifiable according to the bi-Lipschitz variant of Pauls’ definition [CP06, Definition 3],
see Remark 3.5 for more details about this definition.
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